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Determination of lockbox collection points via

simulated annealing

PR McMullen and RA Strong
University of Maine, USA

This research presents a heuristic to solve the lockbox location problem via a search-based technique known as simulated
annealing. In the past, more traditional mathematical programming techniques have been used to address this problem,
but wita limited stecess due to its combinatorial nature. Because simulated annealing is a search-based technique, an
optimal solution is not guaranteed, but past research has demonstrated that search-based heuristics can provide reasonable
solutions without the difficultics associated with the more traditional formulations. In this paper, the simulated annealing
methodology is used to solve a large lockbox lecation problem at several differing levels of cost. The results compare

favourably to solutions obtained from a K-means clustering heuristic.
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Introduction and simulated annealing

Determination of cash collection points is an important
component of accounts receivable management. These cash
collection points are frequently referred to as lockboxes —
a destination for customer remittances. Proper location
selection for these lockboxes can help reduce travel time
(frequently referred to as float). Reduction of this travel
time in turn reduces the time required for the check to clear
the bank, ultimately reducing the firm’s opportunity costs.
The more lockboxes a firm has the more it will be able to
reduce float because the remittances do not, typically, have
as far to travel. On the other hand, while this variable cost
is decreased, the fixed cost component is increased due to
the increased number of lockboxes. it is also impoertant that
however many lockboxes are used they be positioned
according to some type of policy that considers the popula-
tion densities of the prospective fockbox locations.
Because of this tradeoff between variable and fixed costs
as well as the travel time considerations previously
mentioned, the lockbox problem is far from trivial. Levy!
was one of the first to address this problem with a “greedy’
heuristic that was intended to find ‘good’ but not necessa-
rily optimal solutions to the lockbox problem. Nauss and
Markland®? followed with approaches dedicated to finding
optimal solutions to the lockbox location problem. Stone’
has alse offered a heuristic to solve the lockbox location
problem that does not guarantee optimality but does
consider computational efficiency. Feilitz and White™*
extended the work of both Stone and Nauss-Markland to
obtain optimal solutions to the lockbox problem with
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reasonable computational efficiency. Maier and Vender
Weide”® also presented approaches to the lockbox location
problem accompanied with general discussion of other
solution approaches. Davis et al®" addressed this general
type of spatial optimisation problem for bank management
by providing methodology for determining locations for
check processing centers, implementation has shown the
Davis et al methodology to be successful.

Regardless of which of these approaches is used for
problems of this nature, a general problem presents itself
when trying to find an optimal solution. This problem is
that of computational efficiency. The lockbox location
problem can be thought of as a combinatorial optimisation
problem -— an integer programming type of problem where
there are many different combinations of feasible solutions.
The presence of these many different combinations greatly
complicates both the formulation of the modei as well as its
solution. These problems are referred to as nondeterminis-
tic-polynomial hard (NP-hard).

Recently, search-based heuristics (sometimes referred to
as metaheuristics) have been successfully deployed 1o
address these types of combinatorial optimisation
problems. Simply put, these search-based heuristics exam-
ine many feasible solutions to the problem of interest and
select the solution providing the most favorable objective
function value.

Here, a search-based heuristic referred to as simulated
annealing is used to address the lockbox problem. In the
physical sense, annealing is the heating of a solid to a very
high temperature and slowly cooling it. The objective of
this is to have the solid attain some type of desirable
property, such as strength or hardness. Simulated annealing
is where several solutions to an optimisation problem are
explored, with the central objective being to optimise some
sort of objective function. Informative (and readable)
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descriptions of simulated annealing are available from both
Fglese'! and Kirkpatrick et al.'2

This research presents a methodology to solve the lock-
box problem via simulated annealing for a reasonably
large-sized problem, the methodology is used to solve the
problem for several levels of variable and fixed costs.
These results are then compared to the results of a more
informal heuristic solution to the same problem. Conclud-
ing remarks and general observations are then made.

Methodology

Prior to presentation of the actual details of the keuristic,
some definitions are given:
Data:

N=number of regions serviced by the solution
§;=annual sales in region serviced by lockbox 7
S=total annual sales _

P;=population of region serviced by lockbox i
P=total population of all regions

AfLy) = land area of region j serviced by lockbox i
d;=travel distance from lockbox i to region ; (in days)
Mileage (if) = distance from lockbox i to region j {in miles)
r=interest rate

DOC = daily opportunity cost of remittances

FC=fixed cost for lockbox

Simulated annealing parameters:

Ty =initial temperature for simulated annealing

Ty = final temperature for simulated annealing

CR = cooling rate for simulated annealing

Iter = number of iterations for simulated annealing

s =iteration counter for simulated annealing

Fiter = number of iterations for infeasible neighboring solu-
tons

1= iteration counter for infeasible neighboring solutions

Decision variables:

R;=Set of regions serviced by lockbox

L;j = the jth region serviced by lockbox i

Xy =1 if the jth region is serviced by lockbox /, 0 otherwise
n=number of lockboxes in the solution

m; =number of regions serviced by lockbox

E=total cost of objective function

The general formulation of this problem is as follows'’:

min: £ = i i [(S; - dy; - DOCY +{n-FC) (1)
=1 j=1_jek, |

subject to:

i ' Xip = N 2)

where

S;=8(P/P) (3)

DOC = r/365 4)

The constraint simply implies that each region must be a
member of exactly one lockbox.

Initialisation

An initial solution is gencrated where all regions needing to
be serviced by the solution are lockboxes (n=N). This
objective function value also becomes the objective function
value for the current solution (Ec) and the best solution
(Eg). It is worth noting that if a region accommodates a
lockbox, that region is referred to as the host region for a
lockbox. For example, if there is a lockbox in Texas that
scrvices Texas, Oklahoma and Arkansas, Texas is consid-
ered the host region for the lockbox. The travel distance in
days for this particular region (serviced by lockbox i) is
assumed to be the following:

d;y = (0.5- VA(L,;)/7)/100 (5)

The subscript shows that the host region is the first region
processed with respect to (1). For other regions that are not
the host for the lockbox and are serviced by lockbox i, the
distance in days is as follows:

dy = mileage(L;,, L,)/100, forallje R, (&)

Both (5) and (6) have denominators of 100 here to show the
assumption that one day s required for a remittance to
travel 100 miles. For the initial solution here, each region
serves as a host for a lockbox, hence, n = N. Parameters
specific to simulated annealing are also selected (7T, Ty, Iter
and CR), and the iteration counter is also initialised.

Search sequence

The search procedure commences by determining what
type of neighboring solution is generated. Here, there are
two general types of neighboring solutions solutions
involving compressions and solutions involving transfers,
compressions are when two individual lockboxes serving
single regions cach, are fused into one. Transfers are when
a single rcgion from within a lockbox system becomes a
new, unique lockbox, the probability of compression P(C)
is determined by the following relationship:

P(C)=n/N (7)

A random number is then generated (Rand). If
Rand < P(C), compression is performed, otherwise a trans-
fer is performed, when compression is performed, a lockbox
is randomly selected and is referred to as a host lockbox.
The lockbox nearest to the host lockbox is then found
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{a) before compression
Figure 1 Before and After Compression,

(b) after compression

(referred to as the target region), compression is then
performed by having only that region serviced by the host
lockbox, the number of lockboxes () is then decreased by
L. Figure 1 shows an example of two lockboxes prior to and
after compression. Notice in (a) that lockbox 6 (Ls;) and
lockbox 3 {L3;) are different entities altogether. After the
compression (b), lockbox L is renamed L3, to indicate that
it is now serviced by L;,.

If Rand = P(C), a transfer is performed, with a transfer,
a lockbox servicing two or more regions is randomly
selected. The region in this lockbox system that is furthest
from the host region (in miles), is removed and becomes a
stand-alone lockbox servicing only the region, the number
of lockboxes (r) is increased by 1 as the result of the
transfer. Figure 2 shows an example of before and after a
transfer. Here, lockbox 4 is randomly selected and the region
being served by the lockbox (Lss) is transferred so that it
becomes a lockbox serving only the region in which it
resides.

There are occasions when neither compression nor a
transfer will be possible. For example, compression will not
be feasible when the randomly selected host lockbox also
services other regions. A transfer will not be possible when
all lockbox systems service single regions. The heuristic
keeps count of the number of consecutive times when
neither compression nor transfer was feasible (£). When
the value of ¢ equals Flter, an action referred to as hyper-
compression is attempted. Hyper-compression is simply the
merging together of two lockbox systems where each lock-
box system has two or more regions served by the host
region. Hyper-compression works by randomly selecting the
host lockbox that will also serve as the host for the new
lockbox. The target lockbox for hyper-compression is then
selected as the lockbox whose host region is nearest (in
miles) to the recently selected host. All regions serviced by
the target lockbox then become regions serviced by the
newly created, larger lockbox system in addition to the units
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(b) after transfer

(a) before transfer

Figure 2 Before and After Transfer.
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(a) before hyper-compression
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(b after hyper-compression

Figure 3 Example of Hyper-Compression,

already serviced by the existing host lockbox. Figure 3
shows an example of before and after hyper-compression. In
this example, lockbox 2 is randomly selected as the host
lockbox for hyper-compression. Lockbox 7 is then deter-
mined to be the lockbox nearest lockbox 2. As a result,
hyper-compression places the regions originally serviced by
lockbox 7 into lockbox 2 and these regions are then serviced
by lockbox 2 (£, and L, become L5 and L4 respectively).
Hyper-compression is performed when, after several
attempts, neither regular compression nor transfers are
feasible. This scemario can be thought of as stagnation —
new solutions are not being found. Hyper-compression can
generate a new, more aggressive solution when compared
to the other two types of maneuvers, thereby placing the
new solution at a different location on the contimmum of
feasibility and hopefully a more desirable location on this
feasibility ~continuum, once hyper-compression is
performed the value of ¢ should be adjusted to zero.

Simulated annealing

The solutions obtained from the search strategies
previously described will be considered ‘test solutions.”
These solutions will be evaluated by the objective function
in (1) and will have the objective function value of E,. Once
a feasible test solution is found, its objective function value
is compared to the objective function value of the current
solution. If the objective function value of the test solution is
superior to that of the current solution (E; < E¢), then the
test solution replaces the current solution, the value of E¢ is
replaced by E,, and the increment counter, s, is incremented
by 1. If the value of E; is not superior to that of £, then the
metropolis criterion for acceptance is e)tzplored.14

Investigation of the metropolis criterion for accepting a
test solution that is inferior to that of the current solution
involves calculating the probability of the inferior test
solution being accepted, firstly, the following difference
in objective functions is determined:

OF = E, — Ec ®)

This difference will always be non-negative when deter-
mined because when determined, £, > E.. According to the
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metropolis criterion, the probability of this inferior solution
being accepted as current Pi4) is as follows:

P(d) = ¢ T (9

A random number (Rand) is then generated. If Rand « P(4)
then the metropolis criterion is met and the inferior solution
is accepted as the current solution, otherwise, the test
solution is not accepted and the current solution remains.
Regardless of whether-or-not the metropolis criterion is met,
the iteration counter, s, is incremented by 1.

If the current solution is replaced by the test solution via
regular acceptance, this new current solution is compared
against the best solution found so far, if the new value of Ec
is less than that of Fp, then the best solution is replaced by
the current solution. '

Each time the iteration counter s is incremented, it is
compared against the value of Iter. As soon as the value of s
equals the value of Iter, s is reset to 0 and the control
parameter T'is adjusted according to the following relation-
ship:

T = T*CR (10)

The search heuristic continues in this fashion until the value
of T reaches its stopping value T
The presented pseudocode is intended to help one
visualise the flow of steps as a part of this procedure:
Initialisation

While 7> T%
For s=1 to Iter
Generate neighboring solution (compression, transfer
or hyper compression)
Update ¢
Determine cost of neighboring solution
If E\ < E¢: then
Replace current solution with test solution
If £, < Ep then replace best solution with test solution
Else
Examine metropolis criterion
If Rand <e = %7 then replace current solution with
test solution

End if
Next &
T=TCR
End while
Present best solution
End

Experimentation

To support the presented methodology, an experimental
problem was solved via the described heuristic. The experi-
mental problem consisted of 49 regions (each of the 48
contiguous US states and the District of Columbia). The
travel distance from one region to another was determined
as a function of the mileage from the largest city in one
region to another via the use of (6). For example, the travel
time from Wisconsin to Michigan is a function of the
Euclidean distance from Milwaukee to Detroit, the largest
citics in each respective state. The US Census Bureau'’
provided populations of citics and states: the mileage
matrix was constructed via latitudinal and longitudinal
coordinates as provided by the US Gazetteer.'® As a
result, then, this particular lockbox location problem has
the largest city in cach state {and the District of Columbia)
serving as potential lockbox sites.

To illustrate, the 49-region problem was solved accord-
ing to the following values of the variables: sales
(5) = 5000 M, fixed-cost per lockbox (FC)= 150K (where
M is millions and K is thousands), interest rate ()= 10%,
initial temperature (7,)=75, final temperature (77)=2,
cooling rate (CR) = 95%, iterations for simulated annealing
(ltery=125, iterations without finding feasible solution
(Flter)=4. The results of the best solution found via
simulated anncaling are presented in Table |,

The objective function value was $3 803 267. The states
in boldface are the host regions for cach respective lockbox:
—— it is important to note how the individual lockboxes are
grouped into homogeneous geographic regions, the heur-
istic was constructed with Microsoft Visual Basic 5. The
above solution required 2.85CPU minutes on a Pentium

Table 1 Solution to Example Problem

Lockbox Statefs) Lockhox Statefs)

I DC 12 MD, DE, PA

2 ME, NH, MA 13 wY

3 TX 14 NY, CT

4 CA, AZ, NV NM 15 IL

5 MT [6 IA, KA, MO, S, NE, ND, MN, OK, WI
6 VT 17 AR, TN, MS, LA
7 MI 18 NJ

8 IDb, UT 19 IN

9 WA, OR 20 NC, GA, KY, WV
10 OH 21 AL

11 CO 22 RI
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120 processor. Figure 4 presents the iteration history of this
problem, showing objective function values of the current
and best solutions.

From Figure 4, note the converging pattern of the
objective function value of the best selution found to that
point, also note how the current solutions ‘meanders” while
exploring the feasibility continuum for improved solutions,
Early in the process, the best solution is frequently updated,
but this ‘flattens out’ by the time the iterations have been
completed.

Factors of sales and fixed-cost per lockbox

The above problem was solved several times — at varying
levels of the factors of annual sales (S) and fixed-cost per
lockbox (FC). Sales varied from 500M to 10000M in
increments of 500 M. Fixed cost per lockbox varied from
10K to 200K in increments of 10K. Sales and fixed cost
per lockbox were varied to determine if the objective
function value of the best solution found was sensitive to
these factors. ANOVA and linear regression will be used to
address this research question.

Simulated annealing vs a K-means clustering heuristic

It was also desired to compare the result of this simuiated
annealing heuristic with that of another, somewhat less
formal, heuristic. Cluster analysis was used to provide the
comparison heuristic, cluster analysis is the grouping of
observations into categories. Observations whose attributes
are similar to one another are likely to be placed in the
same group. In the language of cluster analysis, ‘similarity’
is frequently measured by euclidean (straight-line) distance.
Because of the frequent usage of euclidean distance in
cluster analysis, this technique could be adapted to group
geographic regions into categories where close proximity is
a priority.'” For the purpose of this research, these ‘cate-
gories’ could function as lockboxes.

K-means clustering could easily be used to design a
lockbox system. First of all, the decision-maker decides
how many lockboxes are to exist in a solution {analogous to

a user deciding how many clusters to interpret). Then, by
using K-means clustering, a solution is generated based
upon euclidean  (straight-line)  distances  between
geographic regions. Standardized longitudinal and latitudi-
nal coordinates are used for euclidean distance computa-
tions. From the K-means cluster analysis output, the
members of each unique cluster are simply the regions in
each unique lockbox, the host region of each lockbox is
simply the region closest to the centroid of each cluster. In
the event where there are exactly two regions that are
members of a lockbox (where each region is equidistant
from the centreid), the larger region in terms of population
is selected to serve as the host for that particular lockbox.

For the experimental problem presented here, this K-
means chustering approach to lockbox design is performed
for when the decision-maker wants as few as fifteen lock-
boxes and as many as thirty, with all integer values between
fifteen and thirty explored as well, this means that the K-
means clustering approach is performed sixteen times. For
each K-means clustering solution, objective function values
are obtained via the variation of the parameters of S and FC
as it was with the simulated annealing heuristic. The
research question of interest here is whether-or-not there
is a meaningful difference in the objective function values
of the simulated annealing heuristic as compared to that of
the K-means clustering heuristic, if so, which provides
mare desirable results. This research question is addressed
via ANOVA.

Database

To summarise the experimentation component of this
research, there are twenty levels of the factor S, twenty
levels of the factor FC, and seventeen levels of the heuristic
factor (one level is the simulated annealing heuristic and
the other sixteen being the K-means clustering solutions).
These three experimental factors above yield a database of
6800 observations (20 x 20 x 17 =6800). 1t is also appro-
priate to note that the Simulated Annealing paramneters of
71, Te CR, Iter and FIter as the same as in the above
example.

7500000
7000000 -
6500000 -
6000000 -
5500000 -
5000000

Z-Value

4500000 4

o f‘—’fu—\-"\/f\j—\‘

Current

_BCSt

4000000

Iteration

Figure 4

Iteration Histery of Example Problem.
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Experimental results

Simulated annealing solution response to Jixed cost and
annual sales

ANGVA showed that for the simulated annealing approach,
the objective function value of total cost was sensitive to
both fixed cost per lockbox and annual sales (F-statistics of
391.04 and 241.48, respectively, with both P-values

< (.001). Linear regression shows a meaningful positive
relationship between fixed cost per lockbox and total cost
(r=2394, P<0.001 and R2=0.590). Linear regression
also shows a meaningful positive relationship between
annual sales and total cost (r=15.11, P<0.00]1 and
R2=0.364). The fact that as the fixed cost per lockbox
and the annual sales is increased, the objective function
value of total cost also increases should not be surprising.

Another non-surprising result is that the number of
lockboxes obtained from the simulated annealing solution
is very dependent on the fixed cost per lockbox. Specifi-
cally, as FC increases, fewer lockboxes are needed, and
vice versa (f= - 25.46, P <0.001 and R*=0.620). The
simulated annealing heuristic is ‘motivated’ to find a solu-
tion with fewer lockboxes due to the increasing fixed cost of
the lockboxes— a common characteristic of “ixed-charge’
problenis. Perhaps more thought-provoking, however, is that
the simulated annealing heuristic results in more lockboxes
when the level of annual sales is increased and vice versa
{t=8.76, P <0.001 and R*=0.162). This is becausc as
annual sales are increased, the heuristic is more ‘motivated’
to have more lockboxes to minimise the additional daily
opportunity cost of remittances. This phenomena should
enable the user to take some level of comfort in that the
heuristic will find a ‘near-optimal’ solution despite variation
in fixed cost and annual sales.

It is also worth noting that larger geographic regions will
typically serve as host regions for lockboxes. This is
because the simulated annealing heuristic is ‘motivated’
to have these regions serve as hosts because these hosts will
better reduce the daily opportunity costs as compared to
smaller regions, because the larger states in terms of
population make larger contributions to total annual sales.
The example problem, whose results are presented in Table
I support this claim, where the larger states of Texas,

California, Michigan, Ohio, New York, Illinois and New
Jersey all serve as hosts of their respective lockboxes.

Simulated annealing vs K-means clustering

Comparing the simulated anncaling heuristic with the K-
means clustering heuristics (via ANOVA) showed that the
objective function value of the solutions was sensitive to
the heuristic used (F=13.87, £ <0001}, Specifically, it
was determined that the simulated annealing heuristic
resulted in the most desirable mean objective function
value — the simulated annealing heuristic resulted in a
mean cost of $3 934947, while the K-means clustering
approach resulted in a mean cost of $4265123. As a
more rigorous comparison between the simulated annealing
heuristic and the K-means clustering approach, ANOVA was
performed to compare the cost obtained from the simulated
annealing heuristic with the means of o/ sixteen of the K-
means clustering approaches. Table 2 shows the cost means
and Tukey’s pairwise comparisons for each of these seven-
teen heuristics.

From inspection of Table 2, it is clear that the simulated
annealing heuristic is superior to all of the K-means
heuristics in terms of mean cost with the exception of the
K-means heuristics utilising 17, 18 and 19 lockboxes
(CL17, CL18 and CL19). Despite the relative inferiority
of the simulated annealing here, the differences are not
meaningful at the x =0.05 level of significance. The simu-
lated annealing heuristic has a lower mean cost at the
2=0.05 level of significance when compared to the K-
means clustering heuristics for 15 and 16 lockboxes (CLI5
and CL16) and for 25 through 30 lockboxes (CL25-CL30).
In summary, the simulated annealing hceuristic provides
statistically significant superior solutions in terms of cost
for eight of the sixteen K-means clustering approaches. The
K-means clustering approach never provides solutions
superior to the simulated annealing approach at the
o=0.05 level. Figure 5 provides a chart showing the
mean cost of the simulated annealing heuristic and the
mean cost of each of the sixteen K-means clustering
approaches along with the variation of + one standard
deviation,

Table 2 Presentation of Means for K-means Clustering Heuristics

Ritle Mean P-value Rule Mean P-valye
CL15 4629297 < {.001 CL23 4141100 0.774
CL16 4617192 < (L001 CL24 4285703 0.110
CL17 3917707 > (0.999 CL25 4340312 0.031
CL18 3902017 > (0.999 CL26 4 409 950 0.004
CL19 3865440 >0.999 CL27 4509049 < 0.001
CL20 3950194 > 0,999 CL28 4509 060 < 0.061
CL21 4033174 0.995 CL29 4478275 < 0.001
ClL.22 4105136 0.868 CL30 4 548 360 < 0.001]
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Figure 5 Cost means + One Standard Deviation.

From inspection of Table 2 and Figure 5, it should
become clear that while the K-means clustering approach
does provide some formidable solutions (especially for
seventeen through twenty-one lockboxes), the simulated
annealing approach generally provides lower cost lockbox
solutions, perhaps, however, the greatest relative advantage
of using the simulated annealing approach is subjective.
When using the simulated annealing approach, the user can
take comfort in the fact that they are not responsible for
deciding how many lockboxes to use the heuristic
addresses that by providing ‘near-optimal’ solutions given
the pre-specified values of § and FC. The number of
lockboxes with respect to the simulated annealing approach
can then be thought of as endogenous — determined by the
model. When using the K-means clustering approach, the
user must decide how many lockboxes to specify. For the
experimental problem used for this research, it is clear that
relatively desirable solutions are found when the user
decides on using between seventeen and twenty-one lock-
boxes (CL17—CL21) — when other values of lockboxes are
specified, relatively inferior cost solutions result. This
approach essentially, then, forces the user to go on a
*hunting expedition’ to find the best approach via the K-
means clustering approach. In addition, then, to the relative
desirability of mean cost performance associated with the
simulated annealing solution, its advantage of not having to
pre-specify the number of lockboxes should not be over-
looked.

Summary and conclusions

It is shown that simulated annealing can be effectively used
to solve the lockbox location problem. The heuristic starts
with a feasible solution and continugs to modify this
solution until some stopping criterion is found. During
this modification process, solutions with objective function
values inferior to their predecessors are sometimes

accepted as current. This occasional acceptance of inferior
solutions is done in an attempt to avoid being trapped at
local optima—a distinguishing characteristic of simulated
annealing.

Through experimentation, it can be seen that the objec-
tive function value found via simulated annealing is sensi-
tive to both the level of annual sales and fixed costs, it can
also be seen that the solutions found via simulated anneal-
ing are generally superior to a variety of those attained via a
K-means clustering heuristic. While the simulated anneal-
ing heuristic does not guarantee optimality, the experiment
does demoenstrate its relative desirability over the more
informal heuristics for problems of this type.

The simulated annealing search heuristic can be thought
of as a subset of a more general type of search heuristic
referred to as a metaheuristic, there are several types of
metaheuristics used to solve challenging optimisation
problems such as the one presented here.'® An interesting
opportunity for future research would be to compare the
objective function performance of the simulated annealing
heuristic with that of other types of metaheuristics, such as
tabu search or genetic algorithms.
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